Signaling Models

Adverse selection: uninformed party takes the initiative
Offers menu of contracts
Different types of informed agents choose according to their private types
But in many situations, informed party moves first
Sends signal that may reveal information relating to its type
Uninformed party then tries to decipher these signals by some (endogeneously
determined) interpretative scheme.
Three types of models:

Akerlof (1970): Market may function badly if the informed party has no way to
signal the quality of the good it is selling.

Spence (1973), the signal that is sent by the informed party has a cost that
depends on its type so that higher types are more likely to send higher signals.

This signal may then help the uninformed party to discriminate among
the different types.

Crawford-Sobel (1982) cheap talk model, or strategic communication: even if the
signal is costless, both parties may still coordinate on equilibria that reveal some
information.

Typically there are many equilibria

Not the case in adverse selection

Can be eliminated with refinements of perfect Bayesian equilibrium in the Spence
model

Hard to avoid in Crawford-Sobel.

The Market for Secondhand Cars

Uncertainty as to the quality of a good can hinder the functioning of the market
Two types of cars on the market for secondhand cars good cars and bad cars (lemon)

Good car is worth g to the seller and G > g to the buyer



Lemon is worth [ to the seller and L > [ to the buyer
Assume G > Land g > [
The proportion of good cars is q and that of lemons is (1 — q)

The value of any car to the buyer exceeds its value to the seller: with perfect
information both types of cars are traded.

Assume finite supply of cars but infinite number of potential buyers
If quality is observed:
Price of good cars is G
Price of lemmon is L
If both are equally ignorant about the quality of the cars:
Equilibrium price is (qG + (1 — q)L) whatever the car.
In these two polar cases, all cars find a buyer
In practice, it is easier for the seller to observe the quality of a car
Assume only the seller knows the quality of the car
What will be the (unique) equilibrium price p on the market?
Sellers only offer good cars if the price p = g
Otherwise, they lose money
Hence if p < g, buyers know that the cars being offered are lemons
So they will buy if, and only if, p < L
If p = g and both types of cars are put up for sale:

Buyers consider that a car is worth ( ¢G + (1 — q)L )

There are therefore only two possible equilibria:

e p =1L < g:onlylemons are sold
e p=qG+ (1—-q)L = g:both types of cars are sold

Second equilibrium:
Same as in model where neither buyer nor seller is informed of the quality

No revelation of quality in equilibrium



But this can only be an equilibrium if gG + (1 —q¢)L > g
Otherwise, the equilibrium must be the first one
Lemons are chosen over good cars
qG + (1 — q)L < g implies L < g: hence first equilibrium exists

The presence of such informational asymmetries can hinder the functioning of the
market

Costly Signals

Akerlof: problem comes from the inability of sellers of used cars to signal the quality of
their good.

If independent laboratories could publish the results of tests run on used cars, the
informational asymmetry that affects the buyers directly and sellers indirectly might be
reduced.

Spence model: employers can infer the productivity of job searchers holding diplomas.

Every potential employee has private information on his productivity 6 € {6, 0,3},
witho, < 6,

If he studies for e years and is hired at wage w, his utility will be:
u(w) — C(e, 6)
Productivity may not depend on his education (results unchanged if it depends)
But obtaining the diploma is more costly to less productive workers

Assumptions:
u'>0u"<0

aoCc aoCc 9C 92C
—>0, ==>0 >0

de 39 % 36270 G009 < ©

Assumption on the cross-derivative:
Ability to pursue higher studies and productivity are positively correlated

Both depend on a common factor: the general readiness to do work



This is the Spence-Mirrlees condition, as in adverse selection models
Education can only serve as a signal
It does not enhance productivity.

The productivity of job searchers is their private information, whereas their diplomas are
public information

A job searcher who refuses to show his diploma will not be hired

Assume potential employers are identical and compete a la Bertrand in the market for
labor.

Each worker is therefore paid his expected marginal productivity

A job searcher who enters the market with a diploma e is thus offered a wage:

w(e) = u(e)b; + (1 —pu(e))b,

if employers think that the candidate is 8, with probability pu(e)
We will denote by , the a priori of employers on the worker's productivity
Strictly speaking, there is no contract in the model, but a system of norms (the
connection between diploma and wage) and an institution (Bertrand
competition) that ensures that these norms are respected by employers.

This is a dynamic game of incomplete information
When taking their decisions, employers do not know a worker's type

Look for the perfect Bayesian equilibria of this game.

Perfect Bayesian equilibrium in pure strategies consists of a vector of strategies (e7, e;,

w*) and a system of beliefs u* as follows:

e A job searcher chooses the number of years he will spend in school e by
anticipating the wage function w* that prevails on the labor market:

Vi=1,2, e/ € arg max, (u(w*(e)) — C(e,Bl-))

e An employer hires job searchers with a diploma e at a wage

wr(e) = u ()0, + (1 -’ (e))6;



e The beliefs u*(e) are consistent with e* strategies:

For e] # e3:

ife =ej,then u*(e) =1
ife = e;, then u*(e) =0

* *,
Forej = e3:

ife = ef = e; then pu*(e) = uy

Note that this definition in no way restricts the belief u*(e) that diploma c is not chosen
in equilibrium (e # ej and e # €3 )

We only know that the wage w*(e) must lie between 6, and 6,
This degree of freedom gives rise to multiple perfect Bayesian equilibria

There will be both a continuum of separating equilibria and a continuum of pooling
equilibria

Separating Equilibria

Separating equilibrium:
Low-productivity agent chooses to study for e years
High-productivity agent studies for e; > e] years

Employers can therefore infer something about the agent's productivity by
looking for evidence of a diploma

A low-productivity agent gets a wage equal to 6,
So a costly education is of no use to him
He chooses e; = 0: no diploma.
A high-productivity agent who studies for e; > 0 years gets a wage 0,
For this to be an equilibrium, the low-productivity agent must not envy the high-
productivity agent his allocation:

u(6,) — €(0,6,) = u(6,) — C(e;,6;)

This is incentive compatibility for type 1 (the low productivity type)



This condition determines a lower bound e such thate; > e

If e; < e, type 1 would like to get a diploma to pretend to be type 2
Cost of diploma is not high enough to generate separation of types

Since 6, should not envy 6; 's allocation, symmetrically we have:
u(6;) — C(e3,0,) = u(6;) — €(0,6,)

This condition determines an upper bound é such that e; < é

If e; > e, type 2 would like to give up the diploma to pretend to be type 1
Cost of diploma is too high to generate separation of types

Hence e; € |e, €]

if e; is high enough, the high-productivity agent will be better off if all schools close and
there is no way to signal his productivity!

This is the case if:

u(6;) — C(ez,0;) < ulueby + (1 — pg)6,) — €(0,6;)

Nevertheless, schools exist in this model, and refusing to study will leave the
high-productivity worker worse off.

Figure 4.1 shows one of the many wage functions that sustain such an equilibrium.
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Figure 4.1
A separating equilibrium

Pooling Equilibria
Pooling equilibrium:
Agent types 6, and 6, choose the same diploma e*
Employers cannot update their beliefs and offer both a wage uy6; + (1 — p)0,.
Incentive compatibility:
u(ueb, + (1 — pp)6,) — C(e*,06,) = u(6,) —€(0,6,)
u(uefy + (1 — py)b,) — C(e*, 6,) = u(6,) —€(0,6,)
The second condition (IC for type 2) is implied by the former (IC for type 1)

Exactly because education is more costly for type 1
Use IC-1 to establish threshold e:
u(uo; + (1 —pp)6;) — C (5, 91) =u(6,) — €(0,0,)
If e* > &, type 1 would give up education to get wage 6, without cost
This would destroy the pooling equilibrium
Hencee* € [0,5] in any pooling equilibrium

Figure 4.2 shows the case where e* > 0

Figure 4.2
A pooling equilibrium



All workers are better off if education is banned!
They would get wage 1,0, + (1 — p)6, without schooling

The Selection of an Equilibrium

There exists a continuum of separating equilibria indexed by e; € [e, €] and a continuum
of pooling equilibria indexed by e* € [0, ]

Employers make zero profits in all these equilibria because they compete a la Bertrand.
However, the utility of employees decreases in e:
Hence the Pareto optimum therefore is the pooling equilibrium where e* = 0
All other equilibria are Pareto dominated by it
Out-of-equilibrium beliefs:

Beliefs of employers on the productivity of an employee whose diploma is
unusual

They are unrestricted in a perfect Bayesian equilibria

Hence wage functions that employers offer are only fixed for diplomas chosen in
equilibrium

Many wages can be offered off the equilibrium path
This leads to multiple equilibria

There are always out-of-equilibrium beliefs that sustain a given equilibrium
This translates into the freedom with which we can trace the graph of w*

This type of equilibrium (where expectations are perfectly rational) leads to self-fulfilling
prophecies.

Allowing education to affect productivity does not affect the number of equilibria
Two reasons why multiple equilibria are undesirable:

Multiplicity severely limits the predictive power of theory

Comparative statics, the favorite exercise of economists, usually rests on the

continuity of a locally unique equilibrium with respect to the primitives of the
model



The only way to reduce the number of equilibria and thus to obtain more precise
predictions is to restrict the beliefs p*(e)...

... and therefore the wages w*(e) out of equilibrium

For instance, the wage functions shown in figures 4.1 and 4.2 do not seem realistic
because they are lower for high diplomas

However, it would be easy to redraw the figures so that w*(e) increases in e
We need a stronger refinement if we are to select a unique equilibrium.

The "intuitive" criterion that allows us to eliminate all but one of these equilibria is due
to Cho-Kreps (1987)

No pooling equilibrium can satisfy the intuitive criterion, at least with two types
Let e* be a pooling perfect Bayesian equilibrium
Pick e on the segment between A and B on figure 4.3

Then we have both

u(pob; + (1 —pp)By) — C(e*,0;) > u(f,) — C(e, 6,)

u(peb; + (1 —pp)Bz) — C(e*,0;) > u(f,) — C(e,6;)

First inequality:

If employers assume that workers with e years of education have high
productivity 0,...

...then the deviation from e* to e is the dominating strategy for type 6,
Second inequality:
This is not a dominating strategy for type 6,
Hence u*(e) = 0 and w*(e) = 0, for such ane
But then the second inequality implies that type 6, would benefit from deviating to e
hence pooling in e* cannot be an intuitive equilibrium

Similar argument shows that the only separating equilibrium that satisfies the intuitive
criterion must leave type 6, indifferent between e = 0 and e = e* (Figure 4.4)
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Pooling equilibria and the intuitive criterion
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Figure 4.4: The intuitive equilibrium

Therefore the only intuitive equilibrium is a separating equilibrium with:
e = 0 and w = 0, to the low-productivity agent
e = e and w = 0, to the high-productivity agent

And u(6,) — C(e, 61) = u(6,) — €(0,6,)



This separating equilibrium is called the least-cost separating equilibrium

The high-productivity agent chooses the minimum diploma that allows him to
signal his type without attracting the low-productivity agent

It is the most efficient separating perfect Bayesian equilibrium
Least wasteful education
It also does not depend on a prior g,

The least-cost separating equilibrium is like the optimum of adverse selection models in
two ways:

e Only one of the two incentive constraints is active

It is the constraint that prevents the low-productivity agent from posing as a
high-productivity agent

e Only one of the two types (the low-productivity agent) receives an efficient
allocation (e = 0).

Thus the results we get are in the end similar to those we obtained for adverse selection
models

However, we paid a price by first deferring to refinements of perfect Bayesian
equilibria that are not universally accepted.

Note that while adverse selection models typically lead to underproduction, Spence's
model exhibits overproduction (of education, which is a wasteful activity in this model)

Costless Signals

Spence's mode:

We can separate the agents (e.g., by the intuitive equilibrium) because cost of
signal (education) varies with the type of the worker

Crawford-Sobel (1982):

Possible to obtain semiseparating and bunching equilibria even if the signal has
no cost for the agent who sends it

Cheap talk: sending the signal is costless, and hence it may seem a priori that meaningful
communication among agents cannot be readily achieved

Surprising result: while there always exists a babbling equilibrium of signals that convey
no information whatsoever, there are equilibria that reveal some information

A Simple Example



Consider N villagers i = 1, ..., N. Each villager is privately informed of the cost he will
incur if he goes hunting with the pack. ! This cost, denoted c;, is a priori uniformly
distributed on [0,1 + €], where ¢ is some positive number; ¢; is independently distributed
across villagers. If all agree to hunt together, upon capturing a stag they each will get a
value 1. However, if just one villager of the groups opts to stay home, the others will not
be able to catch the stag. 12

Clearly, the N villagers face a coordination problem. The risk for hunter i is that he goes
hunting, incurs cost ¢;, and gets 0 value because one of his fellows has preferred to stay
at home. In fact no one will hunt in the only Nash equilibrium of this game. To see this,
let 7 be the equilibrium probability that any villager goes hunting. The expected value of
hunting for a single villager i is just the probability that all other villagers go hunting,
which is V=1, Each villager will go hunting if, and only if, his private cost c; is lower
than 7¥~1. A cutoff rule can be thus defined so that each villager will go hunting if, and
only if, his private cost is lower than ¢ = 7V~ In equilibrium, 7 is just the probability
that ¢; is lower than c. This gives

c T N-1
ToT¥e 1+e

whose only solution is # = ¢ = 0. Thus no one will go hunting, which is very inefficient,
since when ¢ is small, the probability that c; is lower than 1 is close to 1.

Fortunately, a little preplay communication can clarify the game considerably. Let the
game have two stages now:

e In the first stage each villager announces "yes" or "no" to all the others.

e In the second, each villager decides whether or not to go hunting. We claim that
this game has an equilibrium in which, in the first stage, each villager announces
"yes" if, and only if, his private costc; is lower than 1. Then:

e Ifall villagers announced "yes," they all go hunting.

e If at least one announces "no," one goes hunting.

This is easily seen by reasoning backward. Moreover this equilibrium is almost efficient
for & small because all go hunting with probability close to 1. The trick is that the
villagers all know after stage one whether any of their companions will defect and stay
home. So there is no risk that any villager will incur a private cos c¢; in going on the hunt
and not catching the stag. Also note that the announcements "yes" or "no" are purely
conventional; they could be replaced with "yellow" or "blue" or anything else.

In this situation a babbling equilibrium also exists, where no information is conveyed if,
for instance, all hunters say "yes" whatever their costs, and play a Nash equilibrium that
in the second stage generates the same "no hunting" outcome.

General Model

Similar basic structure as Spence

Two agents: sender and receiver



Sender S observes the state of the world, which is a parameter m € [0,1]
Receiver R only observes a signal n € [0,1] sent to him by S

The signal should help him refine his prior 4, a cumulative distribution function
on the state of the world m

Once he receives the signal n, the receiver forms a posterior given by a conditional
cumulative distribution function r(m | n) on the state of the world

He next takes a decision y(n) that affects the utilities US (y,m) and UR(y, m) of both
agents

Assumptions:

e USisconcaveiny and has a maximum in y = yS(m), and y* is increasing.

e URis concave in y and has a maximum in y = y®(m) that differs from y* (m) for
all m.

For example, UR and U® might be

US(y,m) = —(y —m)>?
UR(y,m) =—-(y —m-—a)?

where a is a constant so that yS(m) = m and yR(m) =m +a

The difference |yS — y®| measures the divergence between the objectives of the two
agents

It will limit the possibilities for communicating

S will only want to reveal information to R if the latter then takes a decision that
suits S well enough.

The "contract" here is purely implicit

Sender anticipates that the receiver will react to the signal n by the decision y(n)
just because it is in the receiver's interest

The perfect Bayesian equilibria of this game consist of a vector of strategies (y*, ¢*) and a
system of beliefs r* such that:

e S believes that if he sends the signal n, R will choose y = y*(n), so he sends n =
q*(m) € arg max, U®(y*(n), m)

e Robservesn € q*([0,1]), and forms a posterior r*(m | n), which he computes by
restricting the prior p to the set of states of the world that may have led S to send
n

That is, if (¢*)~*(n), he chooses
y = y*(n) € arg maxyfo1 UR(y,m)dr*(m | n)



or equivalently
y=y*(n) € arg maxyf(q*)_l(n)UR(y, m)du(m)

Focus on "partition equilibria":
Interval [0,1] is divided into p subintervals (denoted [m;_,,m;] fori =1, ..., p,
withmy =0andm, =1)
Signal sent by the sender depends on only the subinterval state the world
happens to be in:

Ing <<y, Vi=1,..,p, ¢ (mi_y,m;]) = {n; |

It can be shown that all other perfect Bayesian equilibria can be turned into a partition
equilibrium by a change of variables that does not affect the economic interpretation of

the results
More precisely we can associate to each equilibrium a partition of [0,1] into

(44, ...,Ap) such that Vi =1, ...,p, q*(4)) = {n;}
where the sequence ( ny, ..., n, ) may not be increasing.Crawford and Sobel show

that there exists an integer N such that for all p = 1, ..., N, there is a partition
equilibrium with p subintervals.

Figure 4.5 shows such an equilibrium for the case where p = 3.

To see how these equilibria are determined, consider again quadratic utilities

(p=3)

1

Figure 4.5: A partition equilibrium

Assume that the prior y is uniformly distributed on [0,1]

For a given sequence m;, the receiver who gets the signal n; maximizes over y,
m
[ —(y—m—a)’dm

mi—1



Immediate result:
. mi_, +m;
yi=y"(n) =%+a
From the shape of the sender's utility function, the limit conditions
Vi=1,..,p =1 Ui, m) = US (v, my)
will guarantee that the receiver sends n; if m € [m;_,,m;]

These conditions give

whence
Mg = 2m; —m;_q — 4a
Solution to this difference equation must take the form:
m; =A% +ui+v
The difference equation gives 1 = —2a

Initial and final conditions: my = 0 and m, = 1

Hencev =0and = 1/p + 2ap

We thus get the solution
1 . .
m; = (; + an)l — 2ai?

The sequence ( m; ) must be increasing for the solution to be valid

If a is positive, we can rewrite the difference equation as
My —M; =m; — Mg —4a

Therefore the sequence ( my, ..., m, ) is increasing if, and only if:

my—mgy—4a(p—1)>0

or

1
E—Zap+2a>0



Left-hand side of this inequality is decreasing in p and goes to —co in 4+
Hence it defines an integer N such that the sequence increases if, and only if, p <
N.
In this example we have all the properties of the CrawfordSobel model
There always exists a noninformative equilibrium, which is the babbling equilibrium.

When p = 1, the sender sends a message that does not depend on the state of the world
and the receiver does not change his prior.

The informativeness of the signal depends on the number p

In our example this number takes all values from 1 to an integer N, which increases when
the absolute value of a decreases.

There are therefore N more and more informative equilibria up to the N partition
equilibria, that reveal more information.

It can be shown that this N partition equilibrium Pareto-dominates all others because it
allows the agents to coordinate on a more appropriate action

The closer the utilities (the smaller the |a| ), the higher is N

The informativeness of the equilibrium is only limited by the divergence of the players'
objectives.

It should be noted that the signal is purely extrinsic here
It has no effect on the primitives of the model
So it is another instance of what we call a cheap talk model

Instead of exchanging a signal in [0,1], the players can perfectly well communicate by an
entirely different code

What matters is that the receiver build up an interpretation scheme that reflects a
preplay communication game

The minimum requirements are that the players share a language and agree on the
description of the game
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